Enhancement of quantum correlations for the system of cavity QED by applying 

bang-bang pulses 
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We propose a scheme of increasing quantum correlations for the cavity quantum electrodynamics 
system consisting of two noninteracting two-level atoms each locally interacting with its own quan- 
tized field mode by bang-bang pulses. We investigate the influence of the bang-bang pulses on the 
dynamics of quantum discord, entanglement, quantum mutual information and classical correlation 
between the two atoms. It is shown that the amount of quantum discord and entanglement of the 
two atoms can be improved by applying the bang-bang pulses. 
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I. INTRODUCTION 

Quantum entanglement is at the heart of the cur- 
rent development of quantum information and quantum 
computation [1]. It is a special quantum correlation 
and has been recognized as an important resource in 
quantum information processing [2-4] . The experimental 
demonstrations of two-particle entanglement and multi- 
particle entanglement in the cavity quantum electrody- 
namics (QED) have been reported [5, 6]. Some applica- 
tions which focus on the entanglement or the nonclassical 
correlations have also been realized in recent experiments 
[7-10]. 

However, the entanglement is not the only type of 
quantum correlation and there exist quantum tasks that 
display quantum advantage without entanglement [11- 
14]. It has been demonstrated both theoretically [15-17] 
and experimentally [18] that other nonclassical correla- 
tion, namely, quantum discord [19] can be responsible for 
the computational speedup for certain quantum tasks. 
Quantum discord, introduced in [19], is defined as the 
difference between the quantum mutual information and 
the classical correlation and is nonzero even for separate 
mixed states. Therefore, the quantum discord may be 
regarded as a more general and fundamental resource in 
quantum information processing. Recently, the dynamics 
of entanglement and quantum discord for some open sys- 
tems has attracted much attention [20-25]. It has been 
shown that the quantum discord can be completely un- 
affected by certain decoherence environment during an 
initial time interval [22] and this phenomenon has been 
verified by the recent experiment [23]. 

The interaction between the environment and quantum 
system of interest can destroy quantum coherence and 
lead to decoherence. It is therefore of great importance 
to prevent or minimize the influence of environmental 
noise in the practical realization of quantum information 
processing. One of the protocols to prevent the quan- 



tum decoherence is dynamical decoupling strategies [26- 
28] by means of a train of instantaneous pulses ("bang- 
bang" pulses). Recently, experimental suppression of po- 
larization decoherence in a ring cavity using bang-bang 
decoupling technique has also been reported [29]. 

In this Letter, we propose a scheme of increasing quan- 
tum correlations for the cavity quantum electrodynamics 
system consisting of two noninteracting two-level atoms 
interacting with their own quantized field mode [25] 
by means of a train of instantaneous pulses. The two 
atoms are initially prepared in the extended Werner-like 
states(EWL) [30] and the cavity fields are prepared in 
the Fock states or thermal states. We investigate how 
the bang-bang pulses affect the dynamics of quantum 
discord, entanglement, quantum mutual information and 
classical correlation between the two atoms. It is found 
that the amount of quantum discord and entanglement 
of the two atom can be improved by applying the bang- 
bang pulses, because the increased amount of quantum 
mutual information is greater than classical correlation 
by the bang-bang pulses. 



II. DYNAMICAL EVOLUTION FOR THE 
SYSTEM OF CAVITY QED WITH BANG-BANG 
PULSES 

In this section we investigate the dynamical evolution 
for the cavity quantum electrodynamics system consist- 
ing of two noninteracting two-level atoms each locally 
interacting with its own quantized field mode with bang- 
bang pulses. The Hamiltonian of one atom interacting 
with its own quantized field mode with bang-bang pulses 
is given by 



H = H + H I + H f 



(1) 



with 



Hq = -^-a z + a; Hi = g(<7 + a + cr_a t ), (2) 
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where a and denote the annihilation and creation 
operators for the cavity field and <r z — |e)(e| — \g)(g\, 
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<r+ = |e)(g|, <T_ = |<?)(e| are the atomic operators. Hp is 
the Hamiltonian for a train of identical pulses of duration 



t, i.e., 



Hp = Va z 9(t-T-n(T+T))6((n+l)(T+T)-t), (3) 

n=0 

where T is the time interval between two consecutive 
pulses and the amplitude V of the control field is specified 
to be ^p, which means that we consider the 7r-pulse only. 

It is not difficult to write down the time evolution op- 
erator in the absence of control pulses field directly as 
U Q (T) = exp[-i{H Q + H T )T]. With the help of an SU(2) 
dynamical algebraic structure [31], we can rewrite the 
time evolution operator as 

^(T)H-[W]- l ffl^ + 



g{a+a + cr-a 1 )]} exp[-iu(K - -)T] 



(4) 



where K 



+ a^a is a constant of motion in the 



Hamiltonia, 8 denotes detuning given by 8 = luq — to, and 
fl(K) = \J ^ + g 2 K. When the control pulses field is 
present, the time evolution operator for the duration r is 
given by 

U p (t) = cxp[-i(H + H T + ^-o z )t\. (5) 

It 

For the case that the pulses are strong enough, i.e. the 
duration r — > 0, this time evolution operator reduces to 



,7T 



Up ~ exp[-i-a z ], 



(6) 



which leads to 

UpUo(T)U P = -exp[-i(H - Hj)T}. (7) 

The time evolution operator of an elementary cycle 
between i 2 (w-i)(= : 2(N-1)(T + t)) and t 2N {= 2N(T + 
r)) is described by the unitary operator 

U(t 2{N _ 1} ,t 2N ) = Up(t)U (T)Up(t)U (T) = U c . (8) 

If we focus on the stroboscopic evolution at times t 2 N , the 
evolution is driven by an effective average Hamiltonian 
[26] 



U(t 2N ) = [U c r = exp[-iH eff t2 N ]. 



(9) 



If T is sufficiently short, then the effective Hamiltonian 
is accurately represented by the following Hamiltonian 



H, 



eff 



= H - ig eff (a + a - a_a^). 



(10) 



The coupling parameter g e ff = \g5T is proportional to 
the detuning S and the time interval T between two suc- 
cessive pulses. Obviously, the interaction between the 
atom and field is averaged to zero by the "bang-bang" 



pulses when T ->■ 0. With the help of the 577(2) alge- 
braic structure as before, the evolution operator at times 
t 2 N can be expressed as 

U{t 2N ) = {cos[n e / f{K)t 2N ] - i 11 [-a z - 

U eff (K) 2 

Wefffa+a - o--^)]} cxp{-iuj(K - -)t 2N ], (11) 



where Sl e ff(K) = ^l+g 2 T 2 K. The expression for 
the evolution operator U{t 2 M) in the closed subspace 
{|g)|n), |e)|n— 1)} can be obtained easily from Eq. (11). 

In general, at a certain time t = t 2 N + 1, the evolution 
operator is given by 

(uocwr o<t< T 

y > \u (t-T)UpU {T)[U c ] N T<t<2T, K ' 

where N = [^J, [ ] denotes the integer part, and the t 
is the residual time after N cycles. Notice that the evo- 
lution operators Up and U${t) are closed in the subspace 
{|<jr)|n), |e)|n — 1)} and the elements of matrixes for Up 
and Uo(t) in this subspace can be calculated as 

(g\(n\U P \g)\n) = -(e\(n - l\U P \e)\n - 1) = -i (13) 
(g\(n\U P \e)\n - 1) = (e|(n - l|t/ P |.g>|n> = 0, (14) 



and 



(g\(n\U (t)\g)\n) = {cos[n(n)t} + 

S 1 
i %Xn) sin ^( n )*]} exp[-iw(n - -)t] (15) 

(e\(n- l\U (t)\e)\n - 1) = {cos[n(n)t} - 

S 1 

i m(n) sin [ fi ( n )^ c M-iu(n - -)t] (16) 

(g\(n\U (t)\e)\n - 1) - (e\(n - l|I7o(t)|ff>|r»> 

_sin[fi(n)tl , , 1 . , 
= nf \ cM-Mn - - )t }. (17) 

\l(n) 2 

Then, the explicit expression for the evolution operator 
U(t) in this subspace can be obtained from Eqs. (12)- 
(17). 

We assume that the two cavity fields are initially in the 
thermal state X^=of , i"l n X n l ® 2~2n=oP2n\n)(n\, where 
Pin = (i = 1, 2), and = , is the mean 



— 



photon number at the inverse temperature The two 
atoms are initially in the extended Werner-like states de- 
fined by 

p$ = a|$)($| + ^7; 



I*) =li\9)i\e)2 + v\e) 1 \g) 2 ; 



(18) 



where a is a real number which indicates the purity of 
initial states, I is a 4 x 4 identity matrix, /x and v are 
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complex numbers with |/z| 2 + |^| 2 — 1. The reduced den- 
sity operator of the two atoms at time t can be derived 
by tracing out the cavity fields, 

oo 

p{t) =tr f {UW(t)U<n(t)\p*® PinP2m\n)u(n\ 

n.m—0 

®|m) 22 (™|C/( 1 )t( i )C/( 2 )t( i )} j (l9) 

where f/W (t)(i = 1, 2) is the evolution operator acting on 
the ith atom and cavity field. In the standard product ba- 
sis {|1) Q = |e)i|e) 2 , |2) a = |e)i|$> 2) |3>„ = |<?>i|e> 2 , |4)„ = 
|ff)i|5)2}, the reduced density operator of the two atoms 
can be calculated as follows, 

4 

P(t) = E Pkl(t)\k)aa(l\ (20) 
kd=l 

where 

00 

Pll(t)= ^2 PlnP2m[\fenfern\ 2 pll(fy + \fenh er n-l\ 2 
n,m— 

022(0) + |/l CTl -l/em| 2 /O33(0) + | fl en - 1 h em - 1 1 2 p i4 (0)] ; 

OO 

P22(t)= E 

PlnP2 m [\fen.fgm+l\ 2 pil(0) + \fenh gm \ 2 

n,m— 

022(0) + |/lgn/em| 2 /O33(0) + | I 044(0)]; 

OO 

M*)= E 

n,m— 

/lem-l| 2 022(O) + | ftjjera 1 2 033 (0) + |/l gn hem— 1 I 044(0)]; 

044 (t) = 1 - 011 (t) - 022 (t) - 033 (*); 

CO 

023 (<) = E PlnP2 m fenh gm h* gn f* m p 2 3(0); (21) 
n,m— 

012 (*) = 013 (t) = 014 (t) = 024 (*) = 034 (i) = 0; 

Pij(t) = Pji(t)* = 1,2,3,4), 

with 

V = ($|<n|I/(t)|s>|n>; 
/i e „-i = <e|<n-l|^(t)|5)|n);(n>l) 

ft e _i = 0; 

fgn+i = (g\(n+l\U(t)\e)\n); 
f en = (e\(n\U(t)\e)\n). 

Here pij(0)(i, j=l, 2, 3, 4) are given by Eq. (18) with 

011(0) - 044(0) = P22 (0) = 1+(4 'f- 1)a , 

033(0) = 1+(4| f- 1)a , 23 (O) = P32 (0)* = vp*a. If 
the two cavity fields are initially in the Fock states 
| k) ii (k\ ® | I) 22 (l\ , the reduced density operator of the two 
atoms at time t has the same form of Eqs. (20)-(21) pro- 
vided that the substitutions p\ n — > 8 n ^ k and p 2m — )■ <5„u 
are made. 



III. THE INFLUENCE OF BANG-BANG 
PULSES ON THE DYNAMICS OF QUANTUM 
CORRELATIONS 

In this section, we investigate the influence of the bang- 
bang pulses on the dynamics of quantum correlations for 
the cavity quantum electrodynamics system consisting of 
two noninteracting two-level atoms each locally interact- 
ing with its own quantized field mode. The definition of 
quantum discord is based on quantum mutual informa- 
tion which contains both classical and quantum correla- 
tions. For a bipartite system p AB , its total correlations 
can be measured by its quantum mutual information [19] 

I(p AB ) = S(p A ) + S(p B )-S(p AB ), (22) 

where S(p) = —Tr(plog 2 p) is the von Neumann entropy, 
and p A and p B denote the reduced density matrices of 
parts A and B, respectively. The quantum discord is 
defined as the difference between the quantum mutual 
information and the classical correlation [19], 

Q(p AB )=I(p AB )-C(p AB ), (23) 

where C{p AB ) is the classical correlation which depends 
on the maximal information obtained with measurement 
on one of the subsystems and can be expressed as [33] 

C(p AB ) = max[S(/) - S(p AB \{B k })}, (24) 

where {B k } is a complete set of projectors preformed 
on subsystem B locally, S(p AB \{B k }) = J2kPk s (Pk) 
is the quantum conditional entropy, p k — l/p k {I ® 
B k )p AB (I (g> B k ) is the conditional density operator and 
Pk = tT( AB -)[(I ® B k )p AB (I ® Bk)] is the probability. 

The eigenvalues of the density matrix p(t) in Eq. (20) 
can be calculated as 

Al,2 = \ [(011 + 044) ± V (011 - 04 4 ) 2 + 4|pi 4 | 2 ] (25) 
A 3,4 = ^[(022 + 033) ± V(022 - 033) 2 + 4|p 23 | 2 ]. (26) 

Then the quantum mutual information can be derived as 
follows, 

4 

I(p) = S(pM) + S( P M) +E A * lo S2 Ai, (27) 

i=l 

S(p {1) ) = -[(011 + 022) log 2 (0ii + 22 ) 

+ (033 + 044) log 2 (033 + 044)], (28) 
S{p (2) ) = -[(011 + 033) log 2 (011 + 033) 

+ (022 + 044) log 2 (0 22 + 044)], (29) 

where (i — 1, 2) is the reduced density matrices of the 
ith atom. For a two-qubit X state, the quantum discord 
Q(p) between two atoms can be obtained [33, 34]. 
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FIG. 1: The concurrence Cs(t)(a) and the quantum discord 
Q(t)(b) of two atoms are plotted as a function of t and a for 
g = 1, w = 1, 5 = 0, mi = mi = without control pulses. 



In order to quantify the entanglement dynamics of the 
two atoms and make a comparison with the quantum 
discord dynamics, we use the Wootters concurrence [32] 
as a entanglement measure. For the state that the den- 
sity matrix have X structure [33] as Eqs. (20)-(21), the 
explicit expression of concurrence between two atoms is 



C E {t) = max{0, 2\p 32 \ - 2^/pnp 44 }. 



(30) 



Generally, for mixed quantum state, the quantum dis- 
cord does not coincide with entanglement. However, 
for the two-qubit density matrix of the form p = (1 — 
a)|00)(00|+a|^' m )(\E' m |, where |\I/ m ) is maximally entan- 
gled state orthogonal to 1 00) and a € [0,1], the concur- 
rence is equal to the quantum discord [35]: Ce = Q = a. 
The state described by the density matrix ,o(t)(with 

a = = ±v = ^ , rrii = = 0) is the concrete 
situation of this density matrix with 



a = \h g0 f e0 \ 



(31) 



In Fig. 1, we plot the concurrence and quantum dis- 
cord for the state described by the density matrix p(t) 
as a function of time t and the parameter a in the ab- 
sence of control pulses field. The cavity modes are pre- 
pared initially in the vacuum states and the two atoms 
are prepared initially in a Werner state(/i = —v = ^). 
It can be seen from Fig. 1(a) that the entanglement of 
two atoms vanishes and revives periodically with time as 
a > i and is always zero for a < i [33] , which means that 
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FIG. 2: Quantum discord Q(t)(&), Quantum mutual informa- 
tion 7(t)(b) and classical correlation C(t)(c) are plotted as a 
function of time t with g = 1, oj = 1, 8 = 0, a = 1, mi = fn,2 = 
for different T: T = 0.7(dot-dash line), T = 0.4(dash line), 
T = 0.1(solid line) and without control pulses(dot line). 



the entanglement sudden dcath(ESD) phenomenon [25] 
appears for the system. The dark period of time, dur- 
ing which the concurrence is zero, is shorter for larger 
value of a. However the quantum discord of two atoms 
vanishes asymptotically as shown in Fig. 1(b). 

When the bang-bang control pulses field is present, 
the quantum and classical correlations are displayed as a 
function of the time in Figs. 2-5. The parameters a = 1, 
pi = —v = are chosen in Figs. 2, 3 and 5, i.e., the two 
atoms are initially prepared in the maximally entangled 
state. We can see clearly from Fig. 2 that the quantum 
discord between the two atoms can be enhanced by the 
pulses because the increased amount of quantum mutual 
information is always larger than the classical correlation 
and the quantum discord recovers to its initial value at 
the points t 2 N when the detuning 5 — 0. The increased 
amount of the quantum correlations is larger for shorter 
time intervals T of the control pulses. It is worth pointing 
out that different choices of p and v do not give dynamics 
of quantum correlations qualitatively different from the 
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FIG. 3: Quantum discord Q(t2jv) at the points t2N are plotted 
as a function of time t^N (a) with T = 0.1, g = 1, oj = 1, a = 
l,mi = rr%2 = for different 5: 8 = 4(dot line), S = 2(dash 
line), S — l(solid line) and (b) with S = 1, g = 1, cj = 1, a = 
l,mi = m 2 = for different T: T — 0.2 (dot line), T = 
0.15(dash line), T = 0.1(solid line). 
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FIG. 4: The concurrence Cs(£)(a) and quantum discord 
Q(t)(b) are plotted as a function of time t with g = l,w = 
1,(5 = 0, a = i,mi = m 2 = for different T: T — 0.7(dot- 
dash line), T — 0.4(dash line), T — 0.1(solid line) and without 
control pulses (dot line). 



FIG. 5: Quantum discord Q(t2jv) at the points t^N are plotted 
as a function of time t2N with S = l,g = l,w = 1, o 
I . = fn 2 = 0.2 for different T: T = 0.2(dot-dash line), 
T = 0.15(dash line), T = 0.1(solid line) and without control 
pulses (dot line). 



case treated here. 

Focusing on the evolution at times t2N, the quantum 
discord fluctuates with period =?■ for the case of the de- 
tuning S 7^ 0, as displayed in Fig. 3(a) and the am- 
plitudes are independent from the detuning 5. When 
the cavity fields are prepared in the Fock states, simi- 
lar results are found for sufficiently short time intervals 
between two consecutive pulses. These phenomenon can 
be understood for both Q e ff and g e ff in Eq. (11) arc 
proportional to 6 and Q e f f (n) is not sensitive to n when 
T is small. It is quite clear from Fig. 3(b) that the am- 
plitude of quantum discord between two atoms is smaller 
for pulses with shorter time intervals T. In fact, from 
Eqs. (11), (21) and (31), the quantum discord displayed 
in Fig. 3 can be given by Q(t 2N ) ^ 1 - g 2 T 2 sin 2 ^ for 
small T. This expression is in accord with Fig. 3. 



For the Werner state with a = 5, the concurrence and 
quantum discord are plotted in Fig. 4 as a function of 
time t for different intervals of control pulses. We find 
that both the concurrence and quantum discord can be 
enhanced by applying the bang-bang control pulses. It 
is interesting to point out that the phenomenon of ESD 
may disappear if the time interval T of the control pulses 
is sufficiently short. 

When the cavity modes are prepared initially in the 
thermal states, the quantum discord between the two 
atoms can also be enhanced by the pulses with short 
time interval as shown in Fig. 5. The changes of quan- 
tum discord with different time intervals of the control 
pulses are synchronous as the same period as the Fig. 
3(b). However, different from the case of vacuum states, 
the maximums of quantum discord are decreasing slightly 
with time. They decrease more slowly for shorter time 
intervals T of the control pulses. 



IV. CONCLUSIONS 

In this paper, we propose a scheme of increasing quan- 
tum correlations for the cavity quantum electrodynamics 
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system consisting of two noninteracting two-level atoms 
each locally interacting with its own quantized field mode 
by making use of bang-bang pulses. The two atoms are 
initially prepared in the EWL states and the cavity fields 
are prepared in the Fock states or thermal states. It is 
found that the amount of quantum discord and entan- 
glement of two atom can be enhanced by applying the 
bang-bang pulses and the increased amount is larger for 
shorter time intervals of the control pulses. Particularly, 
the phenomenon of ESD may disappear if the time in- 
terval T of the control pulses is sufficiently short. In 
addition, the quantum correlations recover to their ini- 
tial values at the points t2N when the detuning 6 = 0. 
The values of quantum discord at times t2N fluctuates 
with period -j- for the case of the detuning 5 ^ and 



the amplitude is smaller for the pulses with shorter time 
intervals T. It is worth noting that the pulses used in this 
paper are also suitable to the system with the Hamilto- 
nian of interaction has the form of a+B + <j-W (here B 
and W are any operators of the cavity field or reservoir). 
The approach adopted here may be used to improve the 
implementation of tasks based on quantum correlations 
in quantum information processing. 
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